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Abstract
We have performed a numerical solution for band structure of an Abrikosov vortex lattice in type-II superconductors forming a
periodic array in two dimensions for applications of incorporating the photonic crystals concept into superconducting materials with
possibilities for optical electronics. The implemented numerical method is based on the extensive numerical solution of the
Ginzburg–Landau equation for calculating the parameters of the two-ﬂuid model and obtaining the band structure from the permittivity,
which depends on the above parameters and the frequency. This is while the characteristics of such crystals highly vary with an externally
applied static normal magnetic ﬁeld, leading to nonlinear behavior of the band structure, which also has nonlinear dependence on the
temperature. The similar analysis for every arbitrary lattice structure is also possible to be developed by this approach as presented in this
work. We also present some examples and discuss the results.
Ó 2007 Published by Elsevier B.V.
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1. Introduction
Recently, the concept of photonic band structure in
type-II superconductors and its tunability and controllability with external parameters especially magnetic ﬁeld are
investigated [1,4]. In type-II superconductors when the
applied external magnetic ﬁeld is above the ﬁrst critical
ﬁeld, a lattice of vortices is formed which depend on magnitude and direction of the applied magnetic ﬁeld. Hence a
permittivity contrast is obtained inside and outside of the
vortices. This periodic structure is in the form of a periodic
distribution of permittivity normal to the superconductor
slab, which represents a two-dimensional photonic crystal
(2D-PC). So far the estimated calculation of band structure
with simpliﬁed models for permittivity with step variation
consideration has been reported [1]. Recently, an accurate
approach to the numerical computation of order parameters in Ginzburg–Landau equations with external magnetic
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ﬁeld between the ﬁrst and second critical magnetic ﬁelds is
done [2]. By using this approach one can determine the
continuous variation of permittivity along the superconductor. Generally the permittivity obtained is frequencydependent, and thus the standard plane wave expansion
(PWE) method would not be applicable to these calculations. Hence we have used the recently-reported revised
plane wave expansion (RPWE) [3], which properly takes
the eﬀect of the dispersion and losses into account. By combining these two methods we have computed the precise
band structure of the Abrikosov lattice. We have also compared these results with previous estimated calculations.
2. Theoretical model and analysis
By two-ﬂuid model, we can ﬁnd the permittivity with
respect to order parameter in all along the superconductor.
The eﬀective dielectric constant is here given by [5]
(
)
x2ps ðx; yÞ
x2pn ðx; yÞ
eeff ¼ e 1 

;
ð1Þ
x2
x½x þ icðx; yÞ
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Fig. 1. Normalized superelectron density for j = 1.5 and B = 0.7.

where xps and xpn indicate the plasma frequency of superconducting and normally conducting electrons, respectively, and c represents the damping term in the normal
conducting states; e is the dielectric constant of superconductor. In general, xps and xpn depend on superconducting
ns and normal electron densities nn. It is obvious that the
sum of these two densities is constant throughout, equaling
to the total electron density.
For calculating the eﬀective dielectric constant we need
to calculate the densities by order parameter W in Ginzburg–Landau equation. Here, one has three nonlinearly
coupled equations in terms of the Fourier series coeﬃcients
of normalized jWj2, magnetic ﬁeld B, and supervelocity Q.
For considering the dispersion eﬀect of permittivity we
use the revised plane wave expansion method (RPWE)
and the Fourier series coeﬃcients of permittivity obtained
by (1). In RPWE, the normalized frequency f and jx
(wave-vector in x-direction) are scanned and jy is obtained
as eigenvalues of a matrix as a result of combining Maxwell’s equations. The photonic band gap (PBG) depends
on the distances between vortices, and the intensity of
applied magnetic ﬁeld. The resulting periodic perturbations
of the permittivity give rise to bandstructure whose PBGs
and cut-oﬀ frequencies vary with the applied magnetic
ﬁeld.
Solution of Ginzburg–Landau obtained [2] may be
applied to square and triangular vortex lattices. Fig. 1
shows a typical result for Ginzburg–Landau solution. It
shows jWj2 = ns/n versus position in the superconductor.
By solving the recursive equations, the Fourier expansion
coeﬃcient of superconducting electron densities is obtained
and then both plasma frequencies as shown in (1) are computed. Having the permittivity known with respect to the
position in superconductor, the corresponding Fourier
coeﬃcients can be obtained. In our calculation method,
the coded algorithm can be equally applied to both standard square and triangular lattice geometries. Then the series coeﬃcients are applied to bandstructure calculations.

Fig. 2. Estimated (squares) and precise (diamonds) results for variations
of normalized cut-oﬀ frequency versus magnetic ﬁeld.

Damping term, applied magnetic ﬁeld and Ginzburg–Landau parameter are the three major parameters that aﬀect
the band structure. For high dampings above the scanned
frequencies, variation of permittivity decrease and thus
we have lower cut-oﬀ frequencies. Here we have done our
analysis for dampings much more than analyzing frequency. Thus the results could be compared with previous
estimated ones.
As it is apparent from Fig. 2, the cut-oﬀ frequency
strongly depends on the magnetic ﬁeld and with increasing
the magnetic ﬁeld the cut-oﬀ frequency decreases. It is also
concluded that in precise calculation, falling rate for cut-oﬀ
frequency is lower than that of approximate calculations
for a given value of c.
3. Conclusion
We solved the coupled Ginzburg–Landau and photonic
band gap equations, with full accuracy based on two-ﬂuid
model. A general code was developed capable of solving
for arbitrary geometry and set conditions [6]. We noticed
that the cut-oﬀ frequency decreases signiﬁcantly with the
applied magnetic ﬁeld. This eﬀect provides a window to
novel potential applications such as precision magnetooptical tunable ﬁlters and modulators. The dependence of
other parameters of the band structure on the applied ﬁeld
and the vortex lattice is under further investigation.
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